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Abstract. Let C be the category of Lie algebras or Hopf algebras and A C E a given 
extension in C. We answer the classifying complements problem (CCP) which consists 
of the explicit description and classification of all complements of A in E. We prove 
that if H is a given complement then all the other complements are obtained from H by 
a certain type of deformation which we introduce for the categories above. We establish 
a bijective correspondence between the isomorphism classes of all complements of A in 
E and a cohomological type object denoted by HA 2 (H, A\ (>,<)), where (>, <) is the 
canonical matched pair associated to H. The factorization index [E : A]* is introduced 
as a numerical measure of the (CCP): it is the cardinal of the isomorphism classes of 
all complements of A in E. For two n-th roots of unity we construct a 47i 2 -dimensional 
quantum group whose factorization index over the group algebra k[C„] is arbitrary 
large. The answer to the (CCP) at the level of Lie algebras follows from the (CCP) 
theory developed for Hopf algebras and some extra technical constructions. 



Introduction 

Let C be a category whose objects are sets endowed with various algebraic, topological 
or differential structures. To illustrate, we can think of C as the category of groups, Lie 
groups, Lie algebras, algebras, Hopf algebras, locally compact quantum groups etc. Let 
E be an object of C and A C E a given subobject of E. A subobject H of E is called a 
complement of A in E (or an A-complement of E) if E can be written as a 'product' of 
A and H such that A and H have 'minimal intersection' in E; the meaning of 'product' 
and 'minimal intersection' depends on the given category C. We denote by [E : A]f the 
cardinal of the (possibly empty) isomorphism classes of all ^-complements of E and we 
call it the factorization index of A in E. A natural problem which may be of interest for 
several areas of mathematics arises: 

Classifying complements problem (CCP): Let A C E be two given objects in C. 
If an A-complement of E exists, describe explicitly, classify all A-complements of E and 
compute the factorization index [E : Ay . 

To start with, we consider the trivial case of the (CCP), namely when C = Ab, the 
category of abelian groups. If A is a subgroup of E then an ^4-complement of E, if 
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exists, is a subgroup H < E such that E = A + H and A n H = {0}. In this case 
the group H is of course unique up to an isomorphism. Thus, the factorization index 
[E : A]f £ {0, 1}, for any A < E £ Ab. Now we take a step forward and formulate the 
(CCP) in the case when C = Gr, the category of groups. In this context things change 
radically and the problem is far from being trivial. An A-complement in a group E is 
a subgroup H < E such that E = AH and Af] H = {1} - we use the multiplicative 
notation for arbitrary groups. In this case, we say that E factorizes through A and H 
and an ^-complement of E is not necessarily unique. The basic example is the following: 
consider S3 to be the symmetric group on three letters viewed as a subgroup in S4 by 
considering 4 to be a fixed point. Then, the cyclic group C4 and the Klein's group C2 x C2 
are both complements of S3 in S4 and thus the factorization index [S4 : S3Y = 2. Hence, 
we expect to obtain a non-trivial and consistent theory of the (CCP) whose difficulty 
depends essentially on the category C as well as on the nature of the extension A C E in 
the category C. In the case when C is the category of groups the problem was recently 
solved in [4]. 

The aim of this paper is to give the full answer to the (CCP) if C is the category of Hopf 
algebras and then, as special cases, we obtain the answer to the same problem if C is the 
category of Lie algebras. We will see that even though the complements are not unique 
as in the case of abelian groups, it is enough to find only one complement H. All the 
other complements will be obtained from H by a certain type of deformation which we 
will introduce for the categories mentioned above. In order to explain our strategy of 
approaching the problem we will return to the group case. Let A < E be a subgroup 
of E. The fact that a subgroup H of E is a complement of A in E is equivalent to the 
multiplication map A x H — )■ E, (a, h) 1— > ah being bijective. In this case there exists 
a unique group structure on the cartesian product A x H such that the multiplication 
map becomes an isomorphism of groups and this group structure on A x H is precisely 
the Takeuchi's bicrossed product A to H [21] associated to the canonical matched pair 
(A, H, <, [>) of the factorization E = AH. Conversely, a group H is an ^-complement of 
any bicrossed product of groups A \x\ H. These simple observations raise to the level of 
principle valid for various categories C: H is an ^4-complement of E in a given category 
C if and only if E = A CX H, where A co H is a 'bicrossed product' in the category C 
associated to a 'matched pair' between the objects A and H. 1 This principle becomes a 
theorem when C is the category of groups or groupoids [5], algebras [6], Hopf algebras 
[16], Lie groups or Lie algebras [14], locally compact quantum groups [22], multiplier Hopf 
algebras [7] and so on. Now, assume that H is a given ^-complement of E. Hence, there 
exists a canonical isomorphism At<H = E in C-as & general rule this isomorphism 
stabilizes A. Now, the description and the classification part of the (CCP) is obtained 
from the following subsequent question: describe and classify all objects H in C such 
that there exists an isomorphism A txi H = A toHI in C that stabilizes A. This is in fact 
a descent type problem, that can be called the bicrossed descent theory for the extension 
A C E in the category C. The classification of all A-complements of E needs a parallel 
theory which has to be developed, similar to what is called the classification of forms 



What a matched pair means and the construction of the bicrossed product in a given category C is 
part of the problem and needs to be treated separately for each category. 



CLASSIFYING COMPLEMENTS 



3 



in the classical descent theory [13], [19]. Furthermore, the (CCP) is the converse of the 
factorization problem which asks for the description and classification of all objects E 
of C that factorize through two given objects A and H, i.e. of all possible bicrossed 
products A txi H . For more details on the factorization problem we refer to [1] . 

The paper is organized as follows. In Section 1 we recall the basic concepts that will 
be used throughout the paper. In particular, we shall review the Majid's bicrossed 
product [15] associated to a matched pair of Hopf algebras {A, H, <, >). Section 2 offers 
the answer to the (CCP) problem for Hopf algebras. The answer will be given in four 
steps, each of them of interest in its own right, which we have called: the deformation 
of a Hopf algebra, the deformation of complements, the description of complements and 
the classification of complements. In Theorem 2.6 a general deformation of a given Hopf 
algebra H is introduced. This deformation H r of H is associated to an arbitrary matched 
pair of Hopf algebras (A, H, >, <) and to a deformation map r : H — > A in the sense of 
Definition 2.3. As a coalgebra H r = H, with the new multiplication • defined by 

h • g:= (h<r(g {1) )) g {2) 

for all h, g € H r = H. Then H r is a new Hopf algebra called the r-deformation of H. 
Theorem 2.8 proves that if r : H — > A is a deformation map of a matched pair (A, H, >, <) 
of Hopf algebras, then H r remains an ^4-complement of the bicrossed product A cx H. 
Now, let A C E be an extension of Hopf algebras and H a given ^4-complement of 
E. Then there exists a canonical matched pair of Hopf algebras (A, H, <, >) such that 
E = A\X H. The description of all A-complements of E is given in Theorem 2.9: any 
other A-complement EI of E is isomorphic as a Hopf algebra with an H r , for some de- 
formation map r : H — > A of the canonical matched pair (A, H, <, >) associated to the 
A-complement H. This result proves that in order to find all complements of A in E it is 
enough to know only one ^4-complement: all the other A-complements are deformations 
of it. Finally, as a conclusion of previous results, Theorem 2.5 provides the classification 
of ^4-complements of E: there exists a bijection between the isomorphisms classes of all A- 
complements of E and a cohomological type object T-LA 2 (H, A | (>, <)) and this bijection 
is explicitly described. In particular, we obtain the formula for computing the factoriza- 
tion index of a given extension A C E of Hopf algebras: [E : Ay = \T-LA 2 (H, A | (>, <))|. 
In Section 3 we shall construct an example of a Hopf algebra extension of a given factor- 
ization index in Theorem 3.3. This is the extension k[C n ) C H± n 2 u u /, where k[C n ] is the 
group algebra of a cyclic group of order n and H in 2 w u i is a 4n 2 -dimensional quantum 
group associated to two distinct re-th roots of unity u and uj'. 

In Section 4 we give the answer to the (CCP) in the case when C is the category of 
Lie algebras over a field k of characteristic zero. In this case we can derive some of 
the results as special cases of the theorems proved for Hopf algebras but, they do not 
follow in a straightforward manner. Although a result by Masuoka [17, Proposition 2.4] 
gives a bijective correspondence between the set of all matched pairs of Lie algebras 
(jj, !},>,<) and the set of all matched pairs of Hopf algebras (U(q), J7(f)), >,<) there are 
still some obstacles to overcome. The first one comes from the fact that we no longer 
have a bijection between deformation maps for Hopf algebras and deformation maps for 
Lie algebras as in the group case. The second obstacle is to prove that any r-deformation 
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of an enveloping algebra U(g) in the sense of Theorem 2.6 is an enveloping algebra of a 
certain Lie algebra. It turns out that this Lie algebra is precisely the one introduced in 
Theorem 4.3 as a deformation of a given Lie algebra rj: it is associated to a deformation 
map r : fj — > q of the matched pair (g, [),>,<). This will allow us to use Theorem 2.9 
in order to describe all complements of a Lie subalgebra in Theorem 4.7. Finally, the 
answer to the (CCP) for Lie algebras is proven in Theorem 4.9: if g is a Lie subalgebra of 
H and f) is a fixed g-complement of S, then the isomorphism classes of all g-complements 
of H are parameterized by a certain cohomological object denoted by HA 2 (i),Q | (>,<)). 

1. Preliminaries 

Unless explicitly specified otherwise, k will be an arbitrary field. All (co)algebras, Hopf 
algebras, Lie algebras, tensor products, homomorphisms and so on are over k. For a 
coalgebra C, we use Sweedler's E-notation: A(c) = cm <8>C(2), (I® A)A(c) = cm ®C(2) ® 
C( 3 ), etc (summation understood). Let A and If be two Hopf algebras. 22 is called a right 
A-module coalgebra if H is a coalgebra in the monoidal category Ma of right A-modules, 
i.e. there exists < : H ® A — > H a morphism of coalgebras such that (22, <) is a right 
A-module. A morphism between two right j4-module coalgebras (22, <i) and (H',< ! ) is a 
morphism of coalgebras ip : H — >• H' that is also right j4-linear. Furthermore, tp is called 
unitary if ipi^-n) = Iff'- Similarly, A is a left 22-module coalgebra if A is a coalgebra in 
the monoidal category of left 22-modules, that is there exists > : 22 ® A — > A a morphism 
of coalgebras such that (A, >) is also a left i?-module. The actions < : H <g> A — > iT, 
o : iJ (8) ^4 — )• A are called trivial if h<a = EA_(a)h and respectively h> a = £u{h)a, for 
all a 6 A and he H. 

Let ^4 C 22 be an extension of Hopf subalgebras. A Hopf subalgebra H C 22 is called a 
complement of A in 22 (or an A-complement of 22) if the multiplication map A®H — > 22, 
a® h ^ ah is bijective. In this case we say that the Hopf algebra 22 factorizes through 
A and 22. The bicrossed product of two Hopf algebras was introduced by Majid in [15, 
Proposition 3.12] under the name of double cross product in order to achieve a better 
understanding of the Drinfel'd double D(H). We shall adopt the name of bicrossed 
product from [12, Theorem IX 2.3]. Let A and 22 be two Hopf algebras and < : 22 ® A — > 
22, > : 22 ® A — > A two morphisms of coalgebras such that the following normalizing 
conditions hold: 

h>lA = e H (h)lA, lH>a = a, l H <a = e A (a)l H , h<l A = h (1) 

for all h G H, a & A. We denote by A x 22 the /c-module A® H together with the 
multiplication: 

(a cxi h) ■ (c M p) := a(/i (1) > cm) M (fy 2 ) < c (2) )ff (2) 

for all a, c £ A, h, g £ H , where we denoted a ® /i by a ixi h. The object ^4 tx 22 is called 
the bicrossed product of A and 22 if ^4 to 22 is a Hopf algebra with the multiplication 
given by (2), the unit 1a cx Iff and the coalgebra structure given by the tensor product 
of coalgebras. In this case, (A, 22, <, >) is called a matched pair of Hopf algebras. The 
next theorem provides necessary and sufficient conditions for A cx 22 to be a bicrossed 
product. 
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Theorem 1.1. Let A, H be two Hopf algebras and < : // <g> A —)■//, t> : // <g> A — ^ A 

two morphisms of coalgebras satisfying the normalizing conditions (1). The following 
statements are equivalent: 

(1) A to H is a bicrossed product; 

(2) (//, <) is a right A-module coalgebra, {A, t>) is a left H -module coalgebra and the 
following compatibilities hold for any a, b G A, g, h G H. 

g>(ab) = (#(!) >a( 1 ))((5 (2 ) <a (2 ))>6) (3) 

{gh)<a = (g< (h {1) > o (1) )) (/i (2) <a (2) ) (4) 

5(1) < a(i) ® 9(2) > «(2) = 9(2) < 0(2) ® 9(1) > «(i) (5) 

In £Ms case, A ixi // has an antipode given by the formula: 

SAt*iH(a x\h) = S H (h( 2 )) > S A (a(2)) X SjKfyi)) < Sa(o(i)) (6) 
/or all a £ A and h & H. 

Proof. (2) (1) This is just [16, Theorem 7.2.2] or [12, Theorem IX 2.3]. 

(1) (2) Follows as a special case of [2, Theorem 2.4] if we consider / : H®H — > A to be 
the trivial cocycle, i.e. f(g,h) = £H(g)£H(h). See also [2, Examples 2.5] for details. □ 

From now on, in the light of Theorem 1.1, a matched pair of Hopf algebras will be 
viewed as a system (A, H, <, t>), where (H,<) is a right A-module coalgebra, (A, >) is a 
left //-module coalgebra such that the compatibility conditions (1) and (3)-(5) hold. 

Examples 1.2. 1. Let (A, >) be a left //-module coalgebra and consider H as a right 
A-module coalgebra via the trivial action, i.e. h<a = EA_(a)h. Then (A, H,<,>) is a 
matched pair of Hopf algebras if and only if (A, >) is a left //-module algebra and the 
following compatibility condition holds 

9(1) ® 9(2) > a = 5(2) ® 9(1) > a (7) 

for all g G // and a € A. In this case, the associated bicrossed product A to // = A#H 
is the semi-direct (smash) product of Hopf algebras as denned by Molnar [18] in the 
cocommutative case, for which the compatibility condition (7) holds automatically. Thus, 
AffK is the fc-module A (g> H, where the multiplication (2) takes the form: 

(a#h)-(c#g):=a(h {1) >c)#h {2) g (8) 

for all a, c G A, h, g G H, where we denoted a <g> h by a^/t. 

2. The fundamental example of a bicrossed product is the Drinfel'd double D(H). Let 
H be a finite dimensional Hopf algebra. Then we have a matched pair of Hopf algebras 
((Z/*) cop , H, <, >), where the actions < and > are defined by: 

:= (/**, S-\h {3) )h {1) )h {2) , h>h* := (/**, S'- 1 (/ i(2) )?/ l(1) ) (9) 

for all h G H and fr* G ZT* ([12, Theorem LX.3.5]). The Drinfel'd double of H is 
the bicrossed product associated to this matched pair, i.e. D{H) = (//*) co p ex H. A 
generalization of the Drinfel'd double to the level of infinite dimensional Hopf algebras 
was introduced by Majid [16, Example 7.2.6] under the name of generalized quantum 
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double. This construction can be performed for any Hopf algebras A and H which are 
connected by a skew pairing A : H ® A — > k. 

3. Let G and K be two groups, A = k[G] and H = k[K] the corresponding group 
algebras. There exists a bijection between the set of all matched pairs of Hopf algebras 
(&[G], k[K], <, >) and the set of all matched pairs of groups (G,K,<,>) in the sense of 
Takeuchi [21]. The bijection is given such that there exists an isomorphism of Hopf 
algebras k[G] IX k[K] = k[G XI H], where G cxi H is the Takeuchi's bicrossed product of 
groups ([12, pg. 207]. 

4. Let k be a field of characteristic zero, g and t) two Lie algebras and U(g), U(f)) the 
corresponding universal enveloping algebras. Then there is a bijective correspondence 
between the matched pairs of Lie algebras (fl, fj,>, <) as defined in [16, Definition 8.3.1] 
and the matched pairs of Hopf algebras (U(g), U(t)), >,<)■ Moreover, the Hopf algebra 
U(g) M U(t)) obtained from the matched pair (U(g), U(t) ),>,<) is isomorphic to the 
universal enveloping algebra U(g tx h) of the bicrossed product g ix fj of Lie algebras 
associated to the matched pair (fl, P),>, <) ([17, Proposition 2.4]). 

A bicrossed product A X H will be viewed as a left A-module via the restriction of 
scalars through the canonical inclusion : A — > A X H, ia(cl) = a x 1#, for all a £ A. 
The next result is due to Majid [16, Theorem 7.2.3]. 

Theorem 1.3. Let A, H be two Hopf algebras. A Hopf algebra E factorizes through A 
and H if and only if there exists a matched pair of Hopf algebras (A, H, <, >) such that 
the multiplication map 

itie '■ A IX H — > E, mE(a ix h) = ah 

for all a G A and h € H is an isomorphism of Hopf algebras. Moreover, if E factorizes 
through A and H then the actions of the matched pair {A, H, <, t>) are constructed as 
follows for all a G A, h G H: 

ha = (h( X ) > 0(i))(/i( 2 ) < 0( 2 )) (10) 

Furthermore, in this case the isomorphism of Hopf algebras vie '■ A\x\ H — > E is also a 
left A-module map. 

From now on, the matched pair constructed in (10) will be called the canonical matched 
pair associated to the factorization of E through A and H. We use this notation in order 
to distinguish this matched pair among other possible matched pairs (A, H, >', <') such 
that A tx' H = E, where ^4 ex' i^T is the bicrossed product associated to the matched 
pair (A, H, >',<'). The following is just the formal dual of the notion of central map: 

Definition 1.4. Let A and H be two Hopf algebras. A coalgebra map r : H — > A is 
called cocentral if the following compatibility holds: 

r(h {1) ) <S) h {2) = r(h {2) ) <S) h {1) (11) 

for all he H. 

The set CoZ{H, A) of all cocentral maps is a group with respect to the convolution 
product. We denote by CoZ l {H, A) the subgroup of CoZ(H, A) of all cocentral maps 
r : H — s> A such that r(l#) = 1a- 
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2. Classifying complements for Hopf algebras 

Let A C E be a given extension of Hopf subalgebras. In what follows we denote by 
J- (A, E) the (possibly empty) isomorphism classes of all ^4-complements of E. The 
problem of existence of ^-complements of E has to be treated 'case by case' for every 
given Hopf algebra extension A C E, a computational part of it can not be avoided. 
This was also the approach used in the similar problem at the level of groups, i.e. 
corresponding to the Hopf algebra extension k [A] C k[G], for two groups A and G with 
A < G (see [11] and the references therein). For example, if E = k[A^] and A is a proper 
Hopf subalgebra, then J- (A, k[A$]) is the empty set. This is based on the fact that the 
alternating group Aq has no proper factorizations [23]. 

In this section we shall give the complete answer to the (CCP) for Hopf algebras, i.e. 
we shall describe and classify of all ^-complements of E. First of all, we remark that if 
(A, H, >, <) is a matched pair of Hopf algebras, then H = {1a} Xl H is an ^-complement 
of A cxi H, where we consider A = A txi {1h} Q A Od H. Now, let H be a given 
^-complement of E and (^4, H, <, t>) the associated canonical matched pair as in The- 
orem 1.3; thus the multiplication map A txi H E, ato/ii— > a/i is a Hopf algebra 
isomorphism that is also a left ^4-module map. This elementary observation will be im- 
portant below. We shall describe all A-complements H' of E in terms of (H, <, >) and 
a unitary cocentral map r : H —¥ A satisfying a certain compatibility condition. The 
classification of all ^4-complements of E is also given by proving that the set J- (A, E) 
is in bijection to a cohomological object that will be denoted by 1~LA 2 (H, A \ (>,<)). In 
order to prove these results we need to introduce a few more concepts: 

Definition 2.1. Let A be a Hopf subalgebra of E. We define the factorization index of 
A in E as the cardinal of T(A, E) and it will be denoted by [E : A]- f = | J 7 (A, E) |. The 
extension A C E is called rigid if [E : A] f = 1. We shall write [E : A] f = 0, if T(A, E) 
is empty. 

We write down explicitly what a rigid extension of Hopf algebras E/A means: [E : Ay = 
1 if and only if any two ^4-complements H and H' of E are isomorphic as Hopf algebras. 
Equivalently, this can be restated as follows: if E = A x H = A txi' H' (isomorphism 
of Hopf algebras and left ^.-modules), then H = H' . This is a Krull-Schmidt-Azumaya 
type theorem for bicrossed products of Hopf algebras. 

Examples 2.2. 1. In most of the cases, for a given extension of Hopf algebras A C E 
the factorization index [E : ^4]^ is equal to (i.e. there exists no ^-complement of E) or 

1. For instance, above we have shown in fact that [fcL4e] : A]f = 0, for any proper Hopf 
subalgebra A of the group Hopf algebra fcpAg]- 

2. A general example of a rigid extension of Hopf algebra will be given in Corollary 2.10: 
if A#H is an arbitrary semidirect product of two Hopf algebras, then the extension 
A C A#H is rigid. A detailed example is presented in Corollary 3.1. 

3. Examples of extensions E/A for which [E : A]* > 2 are quite rare, which makes 
them tempting to identify. For instance, the extension k[Ss] C k[S^] has factorization 
index 2 as we pointed out in the introduction. We shall provide an elaborated way of 



8 



A. L. AGORE AND G. MILITARU 



constructing examples of Hopf algebra extensions E/A of a given factorization index in 
Theorem 3.2. 

Definition 2.3. Let (A, H, >, <i) be a matched pair of Hopf algebras. A unitary cocentral 
map r € CoZ l {H, A) is called a deformation map of the matched pair (A, H, >,<) if the 
following compatibility holds: 

r((h<r(g {1) )) g {2) ) = r(h {1) ) (h {2) >r(g)) (12) 

for all g, h € H. 

Let VM (if, A \ (>,<)) C CoZ x {H, A) be the set of all deformation maps of the matched 
pair (A, if, >, <). The trivial map r : ff — > A, r(/i) = e(/i)l^ is a deformation map. We 
shall introduce now the following: 

Definition 2.4. Let (A, if, >, <) be a matched pair of Hopf algebras. Two deformation 
maps r, R : H —?■ A are called equivalent and we denote this by r ~ i? if there exists 
cr : ff — > if an unitary automorphism of the coalgebra if such that 

a((h<r(g {1) ))g {2) ) = (a(h) < R(a(g {1) ))) a(g (2) ) (13) 

for all g, h € ff . 

The theorem that gives the answer to the (CCP) for Hopf algebras is the following: 

Theorem 2.5. (Classification of complements) Let A be a Hopf subalgebra of E, 
if an A-complement of E and (A, if, >, <) the associated canonical matched pair. Then: 

(1) ~ is an equivalence relation on VA4 (H, A \ (>, <)). We denote by T~LA 2 (H, A \ (>, <)) 
the quotient set VM (H,A \ (>,<))/ ~ . 

(2) There exists a bisection between the isomorphism classes of all A-complements of E 
and 1-LA 2 (H, A \ (>,<)). In particular, the factorization index of A in E is computed by 
the formula: 

[E:Al f = \HA 2 (H,A\(>,«))\ 

This result shows the following: in order to describe and to classify the set of all A- 
complements of E it is enough to know only one object in H S J-(A,E). We prove 
this theorem in three steps which we have called: the deformation of a Hopf algebra, 
the deformation of complements and finally the description of complements. First we 
prove the following theorem where a general deformation of a given Hopf algebra H is 
proposed. This deformation is associated to an arbitrary matched pair of Hopf algebras 
(A, H, >, <) and to a deformation map r : H — > A. 

Theorem 2.6. (Deformation of a Hopf algebra) Let (A,H,t>,<) be a matched pair 
of Hopf algebras and r : H — >■ A a deformation map. Let H r := H , as a coalgebra, with 
the new multiplication • on H defined for any h, g € H as follows: 

h • g:= (h< r ($(!))) g {2) (14) 

Then H r = (H r , •, 1#, Ah, £h) is a Hopf algebra with the antipode given by 

S:H r ^ H r , S(h) := S H {h {2) ) < (S A o r){h {1) ) (15) 
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Proof. Using the normalizing conditions (1) and the fact that r : H — > A is a unitary 
map, 1h remains the unit for the new multiplication • given by (14). On the other hand 
for any h, g, t € H we have: 

(h • g) • t = [{h<r(g i i ) ))g ( 2 ) ]»t 

= ( {( h < r (9(i)))9(2))<r(t {1) ) ) t( 2 ) 

( = ( (h<r(g(i)))<(g(2) >r(*(i))) ) (p (3 ) < r(t (2 ))) *( 3 ) 

= <J ( r(g(i))(g( 2 ) > r (%)) ))) (fl(3) < r (*(2))) *(3) 

( = ) < r {(9(1) < r(t(i))) t( 2 ))) (5(2) < r(*(3))) *(4) 



( = ) < r ((9(i) < K*(l))) *(3))) (9(2) < r(t( 2 ))) *(4) 

= /l • [(g <»■(*(!))) t( 2 )] 

= h • (g • t) 

Thus, the multiplication • is associative and has 1# as a unit. Next we prove that eh '■ 
H — > k and A# : H ^ H H are algebra maps with respect to the new multiplication 
(14). Indeed, for any h, g G H we have: 

• g) = £H[{h<r(g( 1) )) g(2)) = e H (h)e H (g(i))eH(g(2)) = ^H{h)e H {g) 

and 



A H (h • g) = A H y{h<r(g w ) 

= (fyi) < K9(l)(l))) 9(2)(1) ® (/i(2) < K9(l)(2))) 9(2)(2) 
= (fyl) < Kff(l))) 9(3) ® (fe(2) < r (9(2)) ) 9(4) 

( = ) (fyl) < K9(l))) 9(2) ® (/l(2) < K9(3))) 9(4) 
= tyl) • 9(1) ® ^(2) • 9(2) 

Thus H r = (H r ,;ljj, Ah,eh) is a bialgebra. It remains to prove that S : i? r — > H, 
given by (15) is an antipode for H r . Indeed, for any h € H we have: 

S(h {1) )»h {2) = (S H (h (2) )<S A or(h {1) ))»h i3) 

= ({SH(h {2 )) <S A Q r(h (1) ))< r(h {3) ) ) h {4) 

( = ) ((^(^(3)) <Sa° r(/t (1) ))<7-(fy 2 ))) /i( 4 ) 

= (s H (h( 3 )) < (S A o r(/t(i))r(/t (2 )))) /i (4 ) 
= SH(h(i))h(2) 
= e H {h)l H 
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for all h G H, where we use the fact that [Sa ° r {h(i))) r (h(2)) — Analogous, 
one can show that hm • S(hn\) = £ff(/i)lff, for all h G H and the proof is finished. □ 

Remarks 2.7. 1. Assume that in Theorem 2.6 the unitary cocentral map r : H — > A is 
the trivial one r(h) = £h(1i)1a or the right action < : H (g> A — >• H of A on ii is the trivial 
action, i.e. h < a = e^(a)/i, for all /i G if and a G A Then H r = H as Hopf algebras. 
In general, the new Hopf algebra H r may not be isomorphic to H as a Hopf algebra. 
Indeed, k[C 2 x C2] and fc[C4] are both /ofS^-complements of fcfSV]. Using Theorem 2.9 
proven below, we obtain that the Hopf algebra k[C 2 x C 2 ] is isomorphic to fc[C4] r , for 
some deformation map r : k[Ci\ — > A; [S3]. A more detailed example of Hopf algebras H r 
which are not isomorphic to H will be provided in Theorem 3.3. 

2. We should notice that there are two other famous deformations of a given Hopf algebra 
in the literature. The first one was introduced by Drinfel'd [10]: the comultiplication of a 
Hopf algebra H is deformed using an invertible element R G H®H, called twist, in order 
to obtain a new Hopf algebra H R . The dual case was introduced by Doi [8] : the algebra 
structure of a Hopf algebra H was deformed using a Sweedler cocycle a : H ® H — > k as 
follows: let H a = H, as a coalgebra, with the new multiplication given by 

h-g := cr(/i(i),£ (1 ))/i (2 )5(2) cr -1 (/t (3 ),ff(3)) 

for all h, g G H. Then H a is a new Hopf algebra [8, Theorem 1.6] and among several 
interesting applications for quantum groups we mention that the Drinfel'd double D(H) 
is a special case of this deformation [9]. 

The next step shows that if H is a given A-complement of E, then H r remains an 
^4-complement of E, for any deformation map r : H — >■ A. 

Theorem 2.8. (Deformation of complements) Let (A,H,>,<) be a matched pair 
of Hopf algebras, r : H — > A a deformation map and H r the r-deformation of H . We 
define a new action \> r : H r ® A — > A given as follows for any h G H r and a G A: 

ht> r a := r(h(i)) (h {2 ) > a (i)) ( S A °r)(h {3) <a (2) ) (16) 

Then (A, H r , t> r , <) is a matched pair of Hopf algebras and the k-linear map 

ip : A \xf H r — > A XI H, ip(a cxf h) = ar(hm) M hm (17) 

for all a £ A and h G H is a left A-linear Hopf algebra isomorphism, where A txf H r is 
the bicrossed product associated to the matched pair (A,H r , o r ,<i). 

In particular, H r is an A-complement of Atxi H. 

Proof. Instead of using a very long computation to prove that (^4, H r , t> r , <) is a matched 
pair of Hopf algebras we use Theorem 1.1. In order to do this we first prove that 
o r : H r ® A — > A given by (16) is a coalgebra map. Indeed, for any a G A, h G H we 
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have: 



(h > r a)(!) <g> (h > r a) ( 2 ) 



= 




(*(3) 


>«(!)) (5^4 or) 


(/i (6) < a (4) ) 




r (^(2)) 


(^(4) 


>a (2 ))(<SU or) 


(^(5)<0(3)) 


(11) 




( /l (2) 


>a (1) )(5 J 4 or) 


(fy 6) <a (4) ) 






(V) 


>a( 2 ))(5 j4 o r 


^(5) <a (3)) 


(1 = 1) 


r K' l (l). 


l"(2) 


(1) / \ ^ ° ' J 


\ n (5) < a (3)j 




r(h(3)) 


(V) 


>a(2))(5 j4 or) 


(/l( 6) <0( 4 )) 


(5) 


r i h {\)) 




>a( 1 ))(5 j4 or) 


(/i( 4 ) <0( 2 )) 




r (h(3)) 




>a (3 ))(5 J 4 or) 


(/i (6) <a (4) ) 


(1J) 


r ( h (i)) 


(^(2) 


>a {1) )(S A or) 


(/i (3) «a (2) ) 




r(/i (4) ) 


(tys) 


>a (3 ))(5 J 4 o r) 


(/i (6) < a (4) ) 




h(i) > r 




<g> /l( 2 ) 0( 2 ) 





Thus, > r : -ff r <8> ^4 — > >1 is a coalgebra map and moreover, the normalizing conditions (1) 
are trivially fulfilled for the pair of actions (t> r ,<i). In order to prove that (A,H r , > r ,<) 
is a matched pair of Hopf algebras we use Theorem 1.1 as follows: first, observe that the 

(fyl)) cxi h(2) is an unitary isomorphism of 



a r 



map ip : A- ® H r — > A x H , ip(a <8> h) 
coalgebras with the inverse given by: 

ip~ l : A x H — y A ® H r , ip~ x {a x /i) = a {S A r )(fyi)) ® ^(2) 

for all a £ A and h £ H. There exists a unique algebra structure o on the coalgebra 
A (g) such that ip becomes an isomorphism of Hopf algebras and this is obtained by 
transferring the algebra structure from the Hopf algebra A x H via the isomorphism of 
coalgebras ip, i.e. is given by: 

(a <g) h) o (b (g) g) := ip' 1 (ip(a <g> h) ip(b <g> 5)) 

for all a, b £ A and h, g £ H r = H. If we prove that this algebra structure o on the 
tensor product of coalgebras A ® H r is exactly the one given by (2) associated to the 
new pair of actions (o r , <) on a bicrossed product then the proof is finished by using 
Theorem 1.1. Indeed, for any a, b £ A and g, h £ H we have: 

(a <g> h) o {b ® g) = tp' 1 (tp(a <g> h) ip(b <g> g)) 



ip 



(ar(/i {1) ) x h {2 ))(br{g {l) ) mj (2) ) 
ar(/t (1) )(/i( 2 ) >6(i)r(5 ( i)))x (/t (3) < &(2)r(s (2 ))) 5( 3 )^ 
ar(fe(i))(fe( 2 ) >6(i)r(ff(i)))(5A or)( (fe (3 ) <6 (2 )r(ff(2))) ff( 4 ) ) ® 

(fc(4)<6(3)»'(ff(3)))^(5) 
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(11) 



(12) 



(3) 



(11) 



ar(h (1) )(h {2) > b {1) r(g {1) ))(S A o r)(^(h {3) <b {2) r(g {2) )) 5(3)) ® 
(V) < b(3) r (9(4))) 5(5) 

ar(h {1) )(h {2) >b {1) r(g {1) ))(S A °r)(((h {3) <b {2) )<r(g {2) )) g (3) 
(V) <& (3)r(9(4))) 5(5) 

ar(/t (1 ))( /t( 2 ) >6(i)r(g (1 ) ))5^ r(/i (3) < 6 (2) ) ((/i (4 ) < &(3))> r (5(2)) 

(/l (5) < 6(4)^(9(3))) 5(4) 

ar(fe(i))(fe( 2 ) >b(i)) ( (/t (3 ) <b(2))>r(ff(i ) ))6 l A (( /t (5 ) <b(4) )>r(ff (2 ))) 

QSAO r(/l(4)<6( 3 )) (8 (/i(6) < 6(5)^(5(3))) 5(4) 

a r 0(1) ) (tya) > 6 (1) ) ( (^(3) < &(2)) » r (5(1) )) S A ( (/»(4) < 6(3) ) > r (9( 



2), 



(5A°r)(/i( 5 ) <6( 4 )) ® (fye) <&(6)»"(0(3))) 5(4) 

ar(/i(i))(/i (2 ) >6 (1) )(5a °r)(/i( 3 ) <& (2 )) ®(/i( 4 ) <b {3) r(g {1) )) g {2) 

ar(/i (1) )(/i (2) t>6 (1) )(5 , A or)(/i (3) <6 ( 2)) ® (^(4) <&(3)) # 5 
a o r ® (/i (2 ) < 6(2)) • g = (atxf h)(b cxT 9) 



where • is the multiplication on H r . The proof is now completely finished. 



□ 



Now, we shall prove the converse of Theorem 2.8: if if is a given A-complement of E 
then any other A-complement EI is isomorphic with some H r , for some deformation map 
r:H^A. 

Theorem 2.9. (Description of complements) Let A be a Hopf subalgebra of E, H 
an A- complement of E with the associated canonical matched pair (A, H, 0, <) and let H 
be an arbitrary A-complement of E. Then there exists an isomorphism of Hopf algebras 
H = H r , for some deformation map r : H — > A of the matched pair (A, H, >, <). 



Proof. It follows from Theorem 1.3 that the multiplication map niE '■ A sxi H — > E is & 
left A-linear Hopf algebra isomorphism. Let (A, H, >', <') be the canonical matched pair 
associated to H; thus the multiplication map m' E : A to' H — >• E is a a left ^4-linear Hopf 
algebra isomorphism. Then tp := fn E l o m' E : A txi' M — > A txi H is & left ^4-linear Hopf 
algebra isomorphism as a composition of such maps. Now we apply [1, Theorem 3.5]: this 
left A-linear Hopf algebra isomorphism tp : A \xf M — > Atxi H is uniquely determined by 
a pair (r , v) consisting of a unitary cocentral map r : H — > A and a unitary isomorphism 
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of coalgebras v : HI — > H satisfying the following compatibility conditions: 

r{h'g') = r{h' {1) ){v(h[ 2) )>r{g')) (18) 

v{h'g') = {v(h')<r(g' {1) ))v(g{ 2) ) (19) 

ti>'a = r(h' {1) ) (v(h[ 2) ) > a {1) ) (S A °r)(h[ 3) <'a (2) ) (20) 

v(h! <' a) = v(h')<a (21) 

for all h 1 , g' G H and a£i. Moreover, ijj : A \xf W — > Atx\ H is given by: 

ip(a tx/ /i') = ar(/i^) xi v(h'^) 

for all a G ^4 and b! € H. We define now 

r : — > A, r :=r o v" 1 

If we prove that r is a deformation map of the matched pair (A, H, >, <) and v : M — > H r 
is a Hopf algebra isomorphism the proof is finished. First, notice that r is a unitary 
cocentral map as r, v are both unitary coalgebra maps and r is a unitary cocentral map. 
We have to show that the compatibility condition (12) holds for r. Indeed, from (18) 
and (19) we obtain: 

%(2))] = nh' {1) ){v(h{ 2) )>r(g')) (22) 

for all h', g' £ HI. Now let h, g & H and write the compatibility condition (22) for 
h! = I» _1 (/i) and g' = U -1 (g). We obtain 

r({h< r{g { i))) g {2 ) )= r(/i ( i } ) (/i (2 ) > r(g)) 

that is (12) holds and hence r : H — > j4 is a deformation map. Finally, u : H — > H r is 
a coalgebra isomorphism as the coalgebra structure on H r coincides with the one on H. 
Hence, we are left to prove that v is also an algebra map. Indeed, for any h' , g' € HI we 
have: 

v{h'g) {l = (v(h')<r(g' {1) ))v(g[ 2) ) ( = } v(h') •vtf) 

where we denoted by • the multiplication on H r as defined by (14). Hence v : M — > H r 
is a Hopf algebra isomorphism and the proof is finished. □ 

In the next corollary A#H is the semidirect (smash) product of two Hopf algebras in 
the sense of Example 1.2 associated to a given action > : H ® A — > A. 

Corollary 2.10. Let A#H be an arbitrary semidirect product of two Hopf algebras. 
Then the factorization index [A#H : Ay = 1, i.e. the extension A — > A#H is rigid. 

Proof. Indeed, H = {1a}#H is an A-complement of the semidirect product A#H. 
Moreover, the right action < of the canonical matched pair (A, H, >, <) constructed in 
(10) for the factorization of A#H through A ^ A#{1 H } and H = {l A }#H is the trivial 
action. Thus, using Remark 2.7, any r-deformation of H = {l A }i^H coincides with H. 
Now the conclusion follows by using Theorem 2.9. □ 

We are now ready to prove Theorem 2.5: 
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The proof of Theorem 2.5. It follows from Theorem 2.9 that if EI is an arbitrary A- 
complement of E, then there exists an isomorphism of Hopf algebras H = H r , for some 
deformation map r : H — > A. Thus, in order to classify all yl-complements of E we can 
consider only r-deformations of H, for various deformation maps r : H — > A. 

Now let r, R : H — > A be two deformation maps. As the coalgebra structure on H r 
and Hr coincide with the one of H, we obtain that the Hopf algebras H r and Hr are 
isomorphic if and only if there exists a : H — > H a unitary coalgebra isomorphism such 
that a : H r — > Hr is also an algebra map. Taking into account the definition of the 
multiplication on H r given by (14) we obtain that a is an algebra map if and only if the 
compatibility condition (13) of Definition 2.4 holds, i.e. r ~ R. Hence, r ~ R if and 
only if a : H r — > H r is an isomorphism of Hopf algebras. Thus we obtain that ~ is an 
equivalence relation on DM(H, A \ (>, <)) and the map 

HA 2 {H,A\ (>,<)) -> T(A,E), r H- H r 

where r is the equivalence class of r via the relation ~, is well defined and a bijection 
between sets. This finishes the proof. □ 

3. Examples 

In this section we shall provide an example of a Hopf algebra extension A C E whose 
factorization index is arbitrary large. 

For a positive integer n we denote by U n (k) = {uj G k \ uj n = 1} the cyclic group of n-th 
roots of unity in k and by v{n) = |?7 n (£;)| the order of the group U n (k). If v{n) = n, then 
any generator of U n (k) is called a primitive n-th root of unity. From now on, C n will 
denote the cyclic group of order n generated by c or d (if we consider two copies of C n ) 
and k will be a field of characteristic ^ 2. Let A := be the Sweedler's 4-dimensional 
Hopf algebra generated by g and x subject to the relations: 

g 2 = 1, x 2 = 0, xg = -gx 

with the coalgebra structure given such that g is a group-like element and x is (l,g)- 
primitive, that is 

A(g)=g<S>g, A(x) = x <g> 1 + g ® x 

It was proven in [1, Proposition 4.3] that there exists a bijective correspondence between 
the set of all matched pairs (H4, k[C n ], <, >) and the group U n (k) such that the matched 
pair (H4, k[C n ], <, t>) associated to u 6 U n (k) is given as follows: < : k[C n ] (g> H 4 — > k[C n ] 
is the trivial action and > : k[C n ] (8) H4 — > H4 is defined by: 

c l >g = g, c % >x = lo % x, c l t> gx = u l gx (23) 

for all i = 0, 1, • • • , n — 1. Following [1, Corollary 4.4] we denote by H/± n)UJ the bicrossed 
product H4 M k[C n ] associated to this matched pair. In fact, as the right action <i : 
k[C n ] ® H4 — > fc[C n ] is trivial, we have that H±n,u = H^k[C n ], the semi-direct product 
in the sense of Example 1.2. Thus, H^ n ^ is the quantum group at roots of unity 
generated as an algebra by g, x and c subject to the relations: 

g 2 = c n = 1, x 2 = 0, xg = —gx, eg = gc, ex = ujxc 
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with the coalgebra structure given such that g and c are group-like elements and x is 
(1, #)-primitive. A £>basis in FL 4n ^ is given by {c 1 , gc 1 , xc l ,gxc l \ i = 0, • • ■ ,n — 1}. Using 
Corollary 2.10 we obtain: 

Corollary 3.1. Let k be a field of characteristic ^ 2 and uj a n-th root of unity in k. 
Then the canonical extension H4 C H^ n ^ is rigid, that is [H^^ : = 1. 

Let £ be a generator of the group U n (k). In what follows we will construct a family of 
matched pairs of Hopf algebras (k[C n ], H in ^t, < , 0) such that the Hopf algebra H inft -i P 
will appear as an r-deformation (in the sense of Theorem 2.6) of H 4n ct. 

Theorem 3.2. Let k be a field of characteristic 7^ 2, n a positive integer, £ a generator 
ofU n (k), t G {0, 1, v(n) — 1} and C n = (d \ d n = 1} the cyclic group of order n. Then: 

(1) For any I G {0, 1, • • • , v(n) — 1} there exists a matched pair (fe[C n ], H in ft, < l , >), 
where : H± n ^t <%> k[C n ] — > k[C n ] is the trivial action and the right action < l : H^^t <g> 
k[C n ] p is given by: 

j < l d k = c\ {gc 1 ) « l d k = gc 1 , (xc i )< l d k =£ lk xc\ {gxc 1 ) < l d k = £ Zfc gxc 1 (24) 
for all i, k = 0, 1, n — 1. 

(2) The deformation maps associated to the matched pair (fc[C n ], H± n ft, < l , >) are the 
algebra maps defined as follows: 

r p : H 4n ^t ->• k[C n ], r p (g) = l, r p (c) = d p , r p (x) = 

where p G {0, 1, ••■ , n — 1}. Furthermore, the r p - deformation of H 4n ft is H inft -i P , i.e. 
(#4n,£*)r P = H 4ri) ft-ip. 

Proof. (1) First, notice that since > is the trivial action and k[C n ] is cocomutative then 
the compatibility condition (5) is trivially fulfilled. Moreover, (4) becomes: 

(yz) < l a = (y < l o (1) ) (z < l a (2) ) (25) 

for all y, z G H in ^t and a G /c[C n ]. Since we have: 

c % < l d k = c 1 , g < l d k = g, x < l d k = £ lk x 

then it is straightforward to see that (25) indeed holds. Now we prove that < l : H^ n tt ® 
k[C n ] — > H^ ft is a coalgebra map. Indeed, it is straightforward to see that A(c* < l d k ) = 
c l < l d k <g> c l < l d k and A(gc l < l d k ) = gc l < l d k <g> gc 1 < l d k for all i, k G 0, 1, ...,n - 1. 
Furthermore, we have: 

A(xc i <'d fc ) = (xj < l d k ) {1) ® (xc 1 < l d k ) (2) 
= <8> (xc*) (2) 

= £ /fc xc* ® c* + £ Zfe #c* <g> xc* 

= xc l </ (f fe <g> c % < l d k + gc 1 < l d k ® xc l < l d k 

= (xc*)(i) </ d k ® (xc i ) (2 ) <* d fc 
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and 

A(gxc i < l d k ) = (gxc' < l <g> (gxc 1 < l d k ) (2 ) 

= i^gxd <g) gd + <g> gxc' 

= gxc 1 < l d k ® gc 1 < l d k + j < l d k ® gxc 1 < l d k 

= (gxc 1 ) (1) <i z d k ® (s-xc* ) (2) < Z ff fc 

i.e. <' : H± n £t (g> fc[C n ] — > H 4n ^t is a coalgebra map. Finally, we only need to prove that 
the action < l respects the relations in k[C n ], respectively H^^t. For instance, we have: 

xj < l d n = (xc l < l d n - x ) < l d = ^-^xj < l d = i ln xj = xc { 

xg <f d k = (x < l d k )(g < l d k ) = £ lk xg = -£ lk gx = -gx < l d k 

cx < l d k = (c </ d k ){x < l d k ) = £ lk cx = i lk i l xc = i l xc < l d k 

Proving that the rest of the compatibilities also hold is a routinely check. 

(2) Let r : H± n ^t — > k[C n ] be a deformation map. By applying (11) for xc l and gxc 1 , 
where i = 0, 1, • • ■ , n — 1 we obtain: 

r(c l ) (g) xc l + r(xc % ) ® gc 1 = r(xc l ) <g> c l + r(gc l ) <g> xc % 

r(gc l ) <g> gxc 1 + r(gxc l ) ® c % = r(gxc l ) <S> gc % + r(c l ) <£> gxc 1 

Hence, it follows that r(xc l ) = r(gxc l ) = and r(c l ) = r(gc l ) for all i £ 0, 1, n — 1. In 
particular we have r(g) = 1 and r(x) = 0. Moreover, since r is also a coalgebra map then 
r(c) is a grouplike element from fe[C n ]. Consider r(c) = for some p = 0, 1, • • • , n — 1. 
For the rest of the proof we will denote this map by r p . 

As > is the trivial action then the compatibility condition (12) simplifies to: 

r p ( (y < l r (z ( i))) z {2) ) = r p (y)r p (z) (26) 

for all y, z € H 4n ^t . By applying (26) for c l and o 7 , where j € 0, 1, ...,n — 1 we get 
r p (c l+3 ) = r p (c % )r p (c^). Hence, we have 

r p (c l ) = r p (gd) = & (27) 

for all % = 0, 1, • • ■ , n — 1. Now by using (27) and the fact that r p (xc l ) = r p (gxc l ) = 0, 
for any i = 0, 1, • • ■ , n — 1 we can easily prove that r p is an algebra map. For instance, 
we have: 

r p (c % gxc>) = = r p (c l )r p (gxc j ) 

r p (xc l c J ) = = r p (xc z )r p (c > ) 
r p (xc i xc J ) = = r p (xc z )r p (xc J ) 

r p (c l gcJ) = r p (gc l+ i) = dP^ = = r p (c> p (^) 

r P ( 5 cV) = r p (c t+j ) = dP^ = d pi d p i = r p (g<*)r p (g<j) 
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for alH, j = 0, 1, • • ■ , n— 1. It is straightforward to see that the rest of the compatibilities 
also hold and r p is indeed an algebra map. Finally, we are left to prove that (26) holds. 
For instance we have: 

r v ({gj<}T p {j))j) = r p (^(gcU l dP^di)=r p (gc i+ ^=r p (gc i )r p ^) 

r P ((xc* <' r p (c>)) c j ) = rMxd < l dP j ) c j ^ = r p (£ lpj xc i+j ) = = r p (xc i )r p (c J ') 

r P ({y< 1 rpdxj)^) (xc i )(2)) = r p ((i/<'rp(a;c i ))c i )+rp((y<'rp(^c i ))xc i ) 

= = r p (y)r p (xc l ) 

for all i, j = 0, 1, • • ■ , n — 1 and y € H± n ft. By a straightforward computation it can be 
seen that (26) also holds for the remaining elements of the fc-basis of H in ^t. 

Now, the algebra structure of (H in ^t) r . p is given by (14). Thus, in (H in ^t) rp we have: 



9*9 = 


{g < l r p (g))g = (g < l l)g = g 2 = 1 




x • x = 


(x < l r(x)) + (x < l r(g))x = x 2 = 




"Uc = 


(c™" 1 <* r p {c))c= (c™- 1 < Z t?)c = <?~ x c = 


c n = 1 


g*x = 


(g < l r(x)) + (g < l r(g))x = gx = -xg = - 


(x< 1 r(g))g = -x • g 


C • X = 


(c < l r(x)) + (c </ r(g))x = cx = ^xc = £*" 


- lp (£ lp xc) 




^~ lp {x < l r p (c))c = i l - lp x . c 





This shows that (i?4 n) £t) rjJ = H in ^t-i P . □ 

The bicrossed product fc[C n ] H^ n ^t associated to the matched pair from Theorem 3.2 
is the 4n 2 -dimensional Hopf algebra generated as an algebra by g, x, c and d subject to 
the relations 

g 2 = c n = d n = 1, = 0, eg = gc, cd = dc, gd = dg, 

xg = —gx, cx = xc, xd = £ l dx 
with the coalgebra structure given such that g, c, d are group-like elements and x is 
an (1, g)-primitive element. We denote by H 4n 2 ^ t i this family of quantum groups, 
for any I, t G {0, 1, v(n) — 1} and £ a generator of order u(n) of the group U n (k). 
In what follows we view H 4n 2 ^ t i as a Hopf algebra extension of the group algebra 
k[C n ] = k(d | d n = 1). In this context, H in ft is a /c[C n ]-complement of H^ n 2 t j j. 

Before stating the main result of this section we recall from [1, Theorem 4.10] the number 
of types of isomorphisms of Hopf algebras H4 n>u , where u) G U n (k); we denote this 
number by #-H4 n ,w If v(n) = p" 1 • • ■ p" r is the prime decomposition of v{n) = \U n (k)\ 
then: 

/ (ai + l)(a 2 + 1) ••• (oc r + 1), if K n ) is odd , . 

^ 4n ' w "\ ai(a 2 + l)---K + l), if v{n) is even and Pl = 2 1 0J 

The main result of this section now follows: it computes the factorization index of the 
extension k[C n ] C i/ 4n 2 ^ t l . This provides an extension whose factorization index is 
arbitrary large. 
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Theorem 3.3. Let k be a field of characteristic ^ 2, n a positive integer, £ a generator 
ofU n (k) and (k[C n ], H± n »(n)-i, < , >) the matched pair where > is the trivial action and 
o 1 is given by (24) for 1 = 1. Then: 

!) (^4n,e(")-i)r- p = -H" 4rij ^(n)-i-p, for all p = 0, l,--- ,v(n) - 1. 77ms, any -ff 4ni?P 
appears as a deformation of H in ^(„)_i, /or some deformation map r p . 

2) Assume that v(n) is odd and v{n) = p® 1 ■ ■ ■ p® r is the prime decomposition of v{n). 
Then we have [a.\ + l)(a2 + l)...(a r + 1) non-isomorphic deformations of H 4n and 
thus [H in 2 ^ tjl : fc[C n ] Y = (ai + 1)(«2 + l)...(a r + 1)- 

3) Assume that v{n) is even and v{n) = 2 ai p2 2 ■ ■ ■ p" r is the prime decomposition of 
v(n). Then we have a.\{a.i + l)...(a r + 1) non-isomorphic deformations of H in ^(n>-i 
and thus [H in 2 ^ t l : k[C n ]Y = a\{a.2 + l)...(a r + 1). 

Proof. 1) It follows by applying Theorem 3.2 for I = 1 and t = u(n) — 1. As any 
H^ n ^p appears as a deformation of H in t V { n )-\ via some deformation map r p , the last 
two statements are just easy consequences of (28). □ 

4. Classifying complements for Lie algebras 

Throughout this section A; is a field of characteristic zero. For a given algebra A we 
denote by A L the vector space A with the Lie bracket [x, y] := xy — yx; U(g) will be the 
enveloping algebra of a Lie algebra g. In what follows, the canonical map i g : g — > U(g) L 
associated to a Lie algebra g will be treated as an inclusion map. For two Lie algebras g 
and f) there exists a one to one correspondence between the set of all Lie algebra maps 
from g to f) and the set of all Hopf algebra maps from U (g) and U(t)). As a special case 
of [20, Theorem 15.3.4] we obtain that any Hopf subalgebra of an enveloping algebra 
U(g) is of the form U(f), for a Lie subalgebra f of g. 

Let 5 be a Lie algebra and g C S be a given Lie subalgebra of H. A Lie subalgebra 
rj of H is called a complement of g in S (or a g-complement of H) if every element of 
H decomposes uniquely into an element of g and an element of rj, i.e. E = g + f) and 
g n f) = {0}. In this case we say that the Lie algebra S factorizes through g and fj. 
Related to these concepts, by analogy with groups and Hopf algebras, the bicrossed 
product associated to a matched pairs of Lie algebras was introduced. We collect here 
some basic results about matched pairs and bicrossed products of Lie algebras. For all 
unexplained notations or definitions we refer the reader to [15], [16, Chapter 8] or [17]. 
A matched pair of Lie algebras [16, Definition 8.3.1] is a quadruple (g, f), t>, <), where g, 
f) are Lie algebras, g is a left f)-Lie module under > : f) (8>0 — >g, f)isa right g-Lie module 
under < : f) (g> g — > f) and the following compatibilities hold for all a, b G g, x, y G rj: 

x > [a, 6] = [x > a, 6] + [a, x > b] + {x < a) > 6 - (x < b) > a (29) 

[x, y] < a = [x, y < a] + [x < a, y] + x < (y > a) — y < (x [> a) (30) 

The fact that g is a left t)-Lie module under > : f) ® g — > g and rj is a right g-Lie module 
under < : f) ® g — > () can be written explicitly as follows: 

[x, y] l> a = x > (y l> a) — y l> (x > a) (31) 
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x < [a, b] = (x < a) < b — (x < b) < a (32) 

The following is [16, Proposition 8.3.2]: If (jj, f),>, <) is a matched pair of Lie algebras 
then the vector space g © f) together with the bracket defined by: 

[a © x, b®y] = ([a, b] + x > b - y > a)ffi([x, y] + x < b - y < a) (33) 

for all a, 6 G g, x, y £ f) is a Lie algebra, called the bicrossed product of g and F), and 
will be denoted by $ (XI f). The Lie algebra f) is a complement of g in the bicrossed 
product g to f). Conversely, if f) a complement of a Lie subalgebra g in a Lie algebra S, 
then there exists a matched pair of Lie algebras (g, f),t>, o) such that the corresponding 
bicrossed product g cxi p) is isomorphic as a Lie algebra with 3. Moreover, the actions of 
the matched pair (g, f),>, <) are constructed from: 

[x, a] = x>aQx<a (34) 

for all a £ g, x 6 f). From now on, the matched pair constructed in (34) will be called 
the canonical matched pair associated to the factorization on H through g and f). 

The connection between the bicrossed product of Hopf algebras and the bicrossed product 
of Lie algebras was proved in [17, Proposition 2.4]: if g and f) are two Lie algebras, then 
there is a bijective correspondence between the matched pairs of Lie algebras (g, f),>, <) 
and the matched pairs of Hopf algebras (J7(g), Z7(fj), >,<). The bijection is given such 
that the Hopf algebra J7($j) XI U(fy) obtained from the matched pair (U(g), C/(h),t>,<) is 
isomorphic to the universal enveloping algebra U(g M f)) of the Lie algebra g ix] f) arising 
from the matched pair (g, h, >, <). For a future use we need the following: 

Lemma 4.1. Let (g, f),t>,<) be the canonical matched pair of a factorization of a Lie 
algebra S through g and f) and (U(g), U(t)), >,<) i/te corresponding matched pair of Hopf 
algebras. Then (U(g), U(t)), >, <) is i/ie canonical matched pair associated with the fac- 
torization ofU(g) ix] [7(f)) through U(g) and 17(f)). 

Proof. We need to prove that: 

xa = (x (1 ) >a (1 ))(x (2 ) <tt( 2 )) (35) 

holds for all x G f) and a G g. As x and a are primitive elements in the corresponding 
enveloping algebras, (35) is equivalent to: 

xa = x>a + a<x + ax (36) 

Since in U(g) xi J7(fj) = U(g K fj) we have [x, a] = ax — xa it follows that (34) implies 
(36) and the proof is finished. □ 

For a Lie subalgebra g of H we denote by J-(g, S) the isomorphism classes of all g- 
complements of H. The factorization index of g in H is defined as [H : g]^ := | 7"(g, S) |. 

Definition 4.2. Let (g,f), >, <) be a matched pair of Lie algebras. A /c-linear map 
r : fj — > g is called a deformation map of the matched pair (g, f),t>, <) if the following 
compatibility holds for any x, y G f): 

r([x, y]) — [r(x), r(y)j = r ( y < r(x) — x < r(y) )+x > r(y) — y > r(x) (37) 
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We denote by T>M (t),g \ (>,<)) the set of all deformation maps of the matched pair 
(g, f), >, <). The right hand side of (37) measures how far a deformation map is from 
being a Lie algebra map. The trivial map r : f) — >■ Q, r(h) = is of course a deformation 
map. Using this concept a general deformation of a given Lie algebra is introduced in 
the next theorem: 

Theorem 4.3. (Deformation of a Lie algebra) Let (g, fj,>, <) be a matched pair of 
Lie algebras and r : fj — > g a deformation map. Then f) r := f), as a k-space, with the new 
Lie bracket on f) defined by: 

[x, y] r :=[x,y] + x<r(y) -y<r(x) (38) 

for all x, y £ f) is a Lie algebra called the r -deformation of f). 

Proof. Let x, y, z € f) r := f). Then [x, x] r = x<r(x) — x<\r{x) + [a;, x] = 0. On the other 
hand we have: 



(38) 



(38) 



(30) 



[x, [y, z] r ] r +\y, [z, x] r ] r +\z, [x, y] r ] r = 

[x, y < r(z) — z < r{y) + [y, z]] r + [y, z < r(x) — x < r{z) + 
+ [z, x o r(y) - y< r(x) + [x, y]] 



Z, X 



x <r (y < r{zy\ — (y < r(z))<r(x) + [x, y < r(z)] — x < r [z < r(y)) + (z < r(y)^<r{x) 

— [x, z < r(y)] + {x < r ([y, z])) — [y, z] < r(x) + [rc, [y, z]] + y < r(z < r(x)) 

— (z < r(x))<r(y) + [y, z < r(x)] — y <r(x < r(z)) + (x < r(z))<r(y) — [y, x < r(z)] 
+ {y < r([z, x])) — [z, x] <r(y) + [y, [z, x]] + z < r (x < r(y)) — (x < r(y))<r(z) 

+ [z, x < r(y)] — z < r (y < r(x)) + (y < r(x))<r(z) — [z, y < r(x)] + z < r([x, y]) 

— [x, y] <a r (z) + [z, [x, y]] 

x <l r (y < r(z)) — (y <] r(z))<]r(x) + [a;, yor(z)] — x<r(zor(y)) + (z<l r(y))<r(x) 

— [x, z < r(y)] + (x < r ([y, z])) — [y, z] < r(x) + y < r (z < r(x)) — (z < r(x))<r(y) 
+ [y, z < r(x)] — y < r(x < r(z)) + (x < r(-s;))<r'(y) — [y, x < r(z)] + (y < r([z, x])) 

— [z, x] < r(y) + z < r(x < r(y)J — (x < r(y))<r(z) + [z, x < r(y)j — z < r(y < r(x)) 
+ (y < r(x))or(z) — [z, y < r(x)] + z < r([x, y]) — [x, y] < r(z) 

x < r (y < r(z)) — (y < r(z))<r(x) + [x, y < r(z)] — x < r (z r(y)) + (z < r(y))<r(x) 

— [x, z < r(y)] + x < r([y, z]) — [y < r(x), z] — [y, z < r(x)] — y < (z > r(x)) 

+z < (y > r(x))+y < r(z < r(x)) — (z r(x))<r(y) + [y, z < r(x)] — y < r{x < r(z)) 
+ (x < r(z))<r(y) — [y, x < r(z)] + (y < r ([z, x])) — [z < r(y), x] — [z, x < r(y)] 
— z < (x > r(y))+x < (z > r(y))+z < r(x < r(y)) — (x < r(y))<ir(z)+ z, x< r(y)j 

— z < r (y < r(x)) + (y < r(x))<r(z) — [z, y < r(x)] + z < r([x, y]) — [x < r(z), y] 

— [x, y < r(z)] — x < (y > r(z))+y < (x > r(z)) 



(32) 



(37) 
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x < r (y < r(z)) — (y < r(z))<r(x) — x < r [z < r(y)) + (z < r{y)j<r{x) — [x, z < r(y)] 
+ (x < r([y, z])) — [y < r(x), z] — y < (z > r(x))+z < (y > r(x))+y < r(z < r(x)) 

— (z < r(x))<r(y) — y < r (x < r(z)) + (x < r(z))or(y) — [y, x < r(z)] + (y < r ([z, x])) 

— [z< r(y), x] — z < (x > r(y))+x < (z > r(y))+z < r(x < v(y)) — (x < r(y))<r(z) 



— z < r (y < r(x)) + (y < r(x))<r(z) — [z, y < r(x)] + z < r([x, y]) — [x< r(z), y] 
—x < (y > r(z)J +y < (a; > r(z)) 

x < r(y < r(z))+y < [r(x), r(z)] — x < r(z < r(y))+z < [r(y), r(ac)J — [x, z<r(y)] 
+ (x < r ([y, z])) — [y < r(x), z] — y < (z > r(x))+z < (y > r(x))+y < r (z < r(x)) 
— y < r(x < r(z))+x < [r(z), r(y)\ — [y, x < r{z)\ + (y < r([z, x])) — [z < r(y), x] 
— z < (x > r(y))+x < (z > r(y)) +z < r (x < r(y)) — z < r(y < r(x)) — [z, y < r(x)] 
+z < r([x, y]) — [x < r(z), y] — x < (y > r(z))+y < (x > r(z)) 

x r(y <l r(z))+y <l [r(x), r(z)] — x < r(z <l r(y))+z < [r(y), r(x)] + (x < r([y, z])) 
— y < (z r(x))+z < (y r(x))+y < r (z < r(x)) — y < r(x <l r(z))+x < [r(z), r(y)] 
+ (y < r ([z, x])) — z < (x > r(y))+x < (z > r(y))+z < r (x < r(y)J — z < r (y < r(x)) 
+z<r([x, y])— x< (y t> r(z))+y < (xor(z)) 

x < lr[y<r(z)) —r{z <r(y)) + r([y, z]) + [r(z), r(y)j +z > r(y) — y > r(z) 



y < ^ [r(x), r(z)] — z > r(x) + r (z < r(x)) — r(x < r(z)) + r([z, x])+x > r(z) 
z < ^ [r(y), r(x)] +y > r(x) — x > r(y) + r (x r(y)) — r(y < r(x)) + r ([x, y])^ 

x< ([r(z), r(y)] + [r(y), r(z)])+y< ([r(x), r(z)] + [r(z), r(x)]) 
+z<l ([r(y), r(x)] + [r(x), r(y)])= 



where in the third equality as well as in the last one we applied Jacobi's identity for the 
bracket [, ]. The proof is finished. □ 



The Lie algebra version of Theorem 2.8 is the following: 

Theorem 4.4. (Deformation of complements) Let (g, f), >, <) be a matched pair of 
Lie algebras, r : f) — > g a deformation map and fj r the r-deformation off). We define a 
new Lie action > r : t) r (g) g — >• g given as follows for any x £ rj r and a £ g: 



x > r a := [r(x), a] +x > a — r(x < a) (39) 



Then (g, f) r , t> r , <) is a matched pair of Lie algebras and rj r is a ^-complement of g x f). 
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Proof. We will first prove that > r : t) r <8> g — > g is a left Lie action. For any x, y € f) and 
a G g, we have: 



(39) 



(29),(32) 



(37) 



(37) 



x t> r (y > r a) - y > r (x > r a) = 

[r(x), [r(y), a]] +x > [r(y), a] -r(i< b"(y), a]) + [r(x), y > a] + x o (y > a) — 
r (x < (y > a)) — [r(x), r(y < a)] — x > r(y < a) + r(x r(y a)) — [r(y), [r(x), a]] — 
y > [r(x), a] + r(y < [r(x), a]) — [r(y), x > a] — y > (x > a) + r(y < (x >a)) + 
[r(y), r(x < a)] + y > r(x < a) — r (y < r(x < a)) 

[r(x), [r(y), a]] +[x > r(y), a] + [r(y), x > a] + (x < r(y))>a — (x < a) > r(y) — 
r((x < r(y)) < a)+r((x < a) < r(y)) + [r(x), y > a] + x > (y > a) — r[x < (y > a)) — 
[r(x), r(y < a)] — x > r(y < a) + r(i<ir(|/<ia))- [ r (y), a]] — [y > r(x), a] 

— [r(x), y a] — (y < r(x))t> a + (y < a) > r(x) + r ((y < r(x)) < a)) — 

r((y < a) < r(x)) — [r(y), x > a] — y t> (x > a) + r(y < (x > a)) + [r(y), r(x < a)] 
+y o r(x < a) — r(y < r(x < a)) 

[r(x), [r(y), a]] + [x > r(y), a] + (x < r(y))> a — (x < a) > r(y) — r((x < r(y)) < a) 
+r((x < a) < r(y))+x > (y > a) — r (x < (y > a)) — [r(x), r(y < a)] — x > r(y < a) 
+r (x < r(y < a)) — [r(y), [r(x), a]] — [y > r(x), a] — (y < r(x))>a + (y < a) > r(x) 
+r((y < r(x)) < a)) — r((y < a) < r(x)) — y > (x > a) + r (y < (x > a)) + 
[r(y), r(x < a)] + y > r(x < a) — r (y < r(x < a)) 

[[r(x), r(y)], a] +[x > r(y), a] + (x < r(y))>a— (x < a) > r(y) — r((x < r(y)) < a) 
+r ((x < a) < r(y)J + x > (y t> a) — r(x < (y t> a)) — [r(x), r(y < a)] — x > r(y < a) 
+r (x < r(y < a)) — [y > r(x), a] — (y < r(x))o a + (y < a) > r(x) + r ((y < r(x)) < a)) 
— r ((y < a) < r(x)) — y > (x l> a) + r (y <] (x > a)) + [r(y), r(x < a)] 
+y o r(x < a) — r(y < r(x < a)) 

[[r(x), r(y)], a] +[x > r(y), a] + [x < r(y))> a — r((x < r(y)) < a)+x > (y > a) 
— r(x < (y > a)) — [r(x), r(y < a)] — x > r(y < a) + r (x < r(y < a)) — [y > r(x), a] 

— (y < r(x))oa+(y < a) > r(x) + r((y < r(x)) <i a)) — r ((y < a) < r(x)) — y > (x > a) 
+r(y < (x > a)) — r ([x < a, y]J 

[[r(x), r(y)], a] +[x > r(y), a] + (x < r(y))>a — r ((x < r(y)) < a)+x > (y > a) 
— r(x < (y > a)) — [y > r(x), a] — (y < r(x))o a + r((y < r(x)) < a)) — y > (x > a) 
+r(y < (x > a)) — r ([x < a, y]) — r ([x, y < a]) 
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(37) 



(30) 



(31) 



(39) 



\r(x < r(y)j , a] — [r (y < r(x)j , a] + [r([x, y]) , a] + (x < r(y))> a — r ((x < r(y)) < a) 
+x > (y > a)— r(x <a (2/ a)) — (y < r(x))>a + r((y < r(x)) < a)) — y > (x > a) 
+r (y < (x > a)) — r( [x < a, y]j — r( [x, y < a]) 

[r(x < r(y)) , a] — [r (y < r(x)) , a] + [rQx, y]) , a] + (x < r(y))> a — r f(x r(y)) < a) 
+x > (y > a) — (y < r(x))>a + r ((y < r(x)) < a)) — y t>(it>fl)-r([i, y] < a) 

[r(x < r(y)) , a] — [r (y < r(x)) , a] + [r([x, y]) , a] + (x < r(y))> a — r f(x r(y)) < a) 

[re, y] > a — (y < r(x))o a + r ((y < r(x)) < a)) — r ([2, y] <i a) 

[r (x < r(y) — y < r(x) + [x, y]) , a] + (x < r(y) — y < r(x) + [x, y])> a 

— r f (x < r(y) — y < r(x) + [x, y])<aj 

I , ^ / x r A r (38) r i r 

(x < r(yj — y < r(x) + [x, yjjo a = [x, yj r > a 



where in the fourth equality we used Jacobi's identity for the bracket [, ]. 

Next we prove that the compatibilities (29) and (30) hold true. Indeed, for all a, b G 3, 
x, y € t) we have: 



(39) 



[x > r a, 6] + [a, x > r 6] + (x < a) > r 6 — (x < b) > r a = 

[[r(x), a], &] + [x>a, 6] — [r(x<a), 6] + [a, [r(x), 6]]+[a, x>b] — [a, r(x<b)] 
+ [r(x < a), b] + (x < a) > b — r ((x < a) < &) — [r(x < b), a] — (x < b) > a + r ((x < 6) < a) 
r(x), a], 6 + [x > a, 6] + [a, [r(x), 6]] + [a, x > b] + (x < a) > b — r((x < a) < b) 



(29) 
(32) 



— (x < b) > a + r((x < 6) < a) 

[r(x), [a, &]] + [x > a, b] + [a, x > b] + (x < a) > b — r((x < a) < 6) — (x < b) > a 
+r ((x < 6) < a) 

[r(x), [a, 6]]+x> [a, fo]-r((x<a) < b)+r((x < b) < a) 



[r(x), [a, 6]l+x > [a, 6] — r(x < [a, bfj = x > r [a, b] 
thus (29) holds. Moreover, we have: 

[x < a, y] r + [x, y < a] r + x < (y > r a) — y < (x i> r a) 



(38),(39) 



(x < a) < r(y) — y < r(x < a) + [x < a, y] + x < r(y < a) — (y < a) < r(x) + 

[x, y < a] + x < ([r(y), a] + y > a — r(y < a)) — y < ([r(x), a] + x> a — r(x < a)) 

(x < a) < r(y)—y < r(x < a) + [x < a, y]+x < r(y < a) — (y < a) < r(x) + 

[x, y < a] + x < [r(y), a] + x < (y > a)— x < r(y < a) — y < [r(x), a] — y < (x > a) 

+y < r(x < a)) 



24 A. L. AGORE AND G. MILITARU 

= (x < a) < r(y) + [x < a, y] — (y < a) < r(x) + [x, y < a] + x < [r(y), a] + 
x < (y > a) — y < [r(x), a] — y <(x> a) 

(32) 

= (x< a) < r(y) + [x < a, y] — (y < a) < r(x) + [x, y < a] + (x < r(y))<a 

— (x < a) < r(y) + x < (y > a) — (y < r(x))<a+(y < a) < r(x) — y < (x t> a) 
= [x < a, y] + [x, y < a] + (x < r(y))< a+x < (y > a) — (y < r(x))<a— y < (x > a) 

(x < r(y))< a — (y < r(x))<a + [x, y] < a 

= (x < r(y) — y < r(x) + [x, y])<a ^ = ^ [x, y] r < a 

Furthermore, if we denote by g ixf f) r the bicrossed product corresponding to the new 
matched pair of Lie algebras (g, f) r , > r , <) then the map 93 : g txf f) r — >■ g to f) defined by: 

<^(a © x) := (a + r(x))©x 

for all a G g, x G f) r = f) is an isomorphism of Lie algebras with the inverse ip : g 1x1 fj — > 
g ocf f) r given by ip(a © x) := (a — r(x))ffix. Indeed, for all a, 6 G g, x, y G f) we have: 

(33) 

<p[[a © x, 6 © y]) = </?([a, 6] + x t> r b — y > r a © [x, y] r + x < 6 — y < a) 



[a, b] + x> r b — y o r a + r([x, y] r + x < 6 — y < a) Jffi([x, y] r + x <b — y <a) 
(38)_^_(39) ^ ^ [j-^^ 5] _|_ x 5 _ r ( x < 5) — [r(y), a] — y > a + r(y < a) + r(jx, y] r ) 

+r(x < b) — r(y < a) J © (x < r(y) — y < r(x) + [x, y] + x < 6 — y < a) 
(37) (38) / 

= ( [a, 6] + [r(x), 6] + x > 6 — [r(y), a] — y > a + [r(x), r(y)] +x > r(y) — y > r(x) 

© (x < r(y) — y < r(x) + [x, y] + x < 6 — y < a) 
= (ja + r(x), 6 + r(y)] +x > (b + r(y))—y > (a + r(x) nffi^[x, y] + x < (6 + ?"(y)) 

-yo (a + r(x))y = ) [(a + r(x))ffix, (6 + r(y))ffiy] = [<^(a©x), <p(& © y)] 

Thus we proved that ip is a Lie algebra isomorphism. Moreover, g = ip(g © 0) = g © 
and f)r = ¥>(0©&) = {(r(x) © x) I x G f)} are Lie subalgebras of g to fj: 

(33) 

[r(x) © x, r(y) © y] = (|V(x), r(y)] +x > r(y) — y > r(x))ffi([x, y] + x < r(y) — y < r(x)) 
(37) 

= r([x, y] + x < r(y) — y r(x)) © ([x, y] + x r(y) — y < r(x)) 
Therefore as g © and {(r(x) © x) | x G f)} have trivial intersection and 

a © x = Na - r(x)) © o) + (r(x) © x) 
for all a G g, x G f) we can conclude that t) r is a g-complement of g cxi f). □ 
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Proposition 4.5. Let (g, f),>, <) &e a matched pair of Lie algebras. Then any de- 
formation map r : U(fy) — > U(g) of the corresponding matched pair of Hopf algebras 
(U(q),U (§),>,<) induces a unique deformation map r : f) — > jj of the matched pair of Lie 
algebras (g, f), >, <). 

Proof. As r : U (fy) U(g) is a coalgebra map we have rjp(t/-(f))) C P([/(g)), where P(H) 
denotes the set of primitive elements of a Hopf algebra H. Since the characteristic of 
k is zero we have P(U(g)) = q. Therefore, we obtain a /c-linear map r : f) — > g, where 
r = rj fl . We are left to prove that (37) holds. Indeed, as r is a deformation map of the 
matched pair (U(g), J7(f)),>,<) then it follows from (12) that for all x, y £ f) we have: 

r(x < r(y)) + r{xy) = r(x)r(y) + x> r(y) 
r(y < r(x)) + r(yx) = r(y)r(x) + y > r(x) 

By subtracting the two equalities above it follows that (37) indeed holds. □ 

The next result proves that the deformation of an enveloping algebra in the sense of 
Theorem 2.6 is isomorphic to the enveloping algebra of a deformation of a Lie algebra 
in the sense of Theorem 4.3. 

Proposition 4.6. Let (fl,f),>, <) be a matched pair of Lie algebras. Ifr : U(fy) — > U(q) is 
a deformation map of the corresponding matched pair of Hopf algebras (U(g), U(t)), >,<) 
and r : g — > f) f/ie induced deformation map of the matched pair of Lie algebras (g, f), >, <), 
i/ieri we /iawe an isomorphism of Hopf algebras U{\) r ) ~ £/(f))f. 

Proof. To start with, we should notice that since f) r = f) as fc-spaces we can consider the 
inclusion map i : h r -> I7(f))i. We will prove that i is a Lie algebra map. Recall that 
the bracket [ , ] on the Lie algebra U(t))~ is given as follows for all x, y G f): 

(14) 

[x, y] := x • y — y • x = x <r(y) + xy — y <r(x) — yx = x <r(y) + xy — y <r(x) — yx 
Therefore, we have: 

[z(x), i(y)] = [x, y] = x < r(y) + xy — y < r(x) — yx 

i([x, y] r ) = i(x<r(y) -y<r(x) + [x, y])= x<r(y) -y<r(x) + [x, y] 

for all x, y 6 f). Since in f7(f})^ we have [x, y] = xy — yx for all x, y G f) it follows that 
\}(x), i(y)] = i([x, y] r ) and thus i is indeed a Lie algebra map. 

By the universal property of the universal enveloping algebra U (f) r ) we obtain an unique 
morphism of algebras F : U(t) r ) — > U(t))p such that the following diagram is commuta- 
tive: 

F 
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i.e. Foi t)r = i. Thus i<V = Idif, r . As U(t) r ) L and U(t))~ are generated as algebras by 
fj r and respectively F) it is straightforward to see that F is an isomorphism and also a 
coalgebra map. This proves that U{\) r ) and C/(f))f are isomorphic Hopf algebras. □ 

We are now able to describe the complements of a Lie subalgebra g of S: 

Theorem 4.7. (Description of complements) Let g be a Lie subalgebra of E, F) 
a given g- complement of H with the associated canonical matched pair of Lie algebras 
(g, f), >, <). Then f) is a Q-complement of S if and only if there exists an isomorphism of 
Lie algebras f) = t) r , for some deformation map r : f) — > g of the canonical matched pair 
(0, f), >,<)■ 

Proof. Let (£7(0), £7(f)),i>,<) be the matched pair of Hopf algebras corresponding to the 
matched pair of Lie algebras (g, (),>,<) such that the Hopf algebra U{g) X U(t)) is 
isomorphic to the universal enveloping algebra U(g XI f)). Then, by Lemma 4.1 it follows 
that (U(g), U(t)), S, <) is the canonical matched pair associated with the factorization of 
[/(g) x E/"(fj) through 17(g) and [7(h). 

Let (g, (),>,<) be the canonical matched pair associated with the factorization of S 
through g and f), and consider (U(g), [/(()),>,<) to be the corresponding matched pair of 
Hopf algebras. By Theorem 2.9, there exists a deformation map r : J7(h) — > U(g) of the 
matched pair of Hopf algebras (U(g), U(t)), >,<) such that we have an isomorphism of 
Hopf algebras ?7(fj) = U(f))f, > = > r and < = <. Moreover, by Proposition 4.6 we have 
an isomorphism of Hopf algebras U (f))f = f7(f) r ), where r : rj — > g is the deformation map 
of the matched pair of Lie algebras (g, f), >, <) induced by r :[/(!})—>• U (g). Therefore, the 
matched pair of Hopf algebras (U(g), U (§),>,<) is in fact of the form (U(g), U(t) r ),> r ,<). 
Thus we obtain that the corresponding matched pair of Lie algebras (g, f),>,<) is of the 
form (g, t) r , > r , 0) . Hence we have an isomorphism of Lie algebras fj = rj r , where r : f) — )• g 
is a deformation map of the matched pair of Lie algebras (g, [),>,<). □ 

In order to give the answer to the (CCP) for Lie algebras we need to introduce the 
following: 

Definition 4.8. Let (0, (),>,<) be a matched pair of Lie algebras. Two deformation 
maps r, R : f) — >• g are called equivalent and we denote this by r ~ R if there exists 
<t : f) —7- f) a /c-linear automorphism of f) such that: 

<t([z, y])-[ff(a?), a(y))= a(x)<R(a(x))-a(x<r(y))-a(y)<R(a(x))+a(y<r(x)) (40) 

for all x, y G f}. 

Now, as a conclusion of all the above results we can prove the main result of this section: 

Theorem 4.9. (Classification of complements) Let g be a Lie subalgebra ofE,t)a 
g-complement of 5 and (g, f),>, <) t/ie associated canonical matched pair. Then: 

(1) ~ is an equivalence relation on VA4 (f),g | (>,<)). VFe denote by l~LA 2 (t),g \ (>,<)) the 
quotient set VM (f), g | (>, <))/ ~. 
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(2) There exists a bijection between the isomorphism classes of all g- complements of H 
and HA 2 (t), g | (>, <)). In particular, the factorization index of q inr* is computed by the 
formula: 

[Z: S y = \HA\t } ,Q\(>,<l))\ 

Proof. We proceed as in the proof of Theorem 2.5. It follows from Theorem 4.7 that if f) is 
an arbitrary g-complement of 5, then there exists an isomorphism of Lie algebras f) = f) r , 
for some deformation map r : t) — > g. Thus, in order to classify all g-complements of H it 
is enough to consider only r-deformations of h, for various deformation maps r : f) — > g. 
Now let r, R : rj — > g be two deformation maps. As f) r = f)R := f) as fc-spaces, we obtain 
that the Lie algebras f) r and are isomorphic if and only if there exists a : f) r — > t)R a 
/c-linear isomorphism which is also a Lie algebra map. Using (38) it is straightforward 
to see that a is a Lie algebra map if and only if the compatibility condition (40) of 
Definition 4.8 holds, i.e. r ~ R. 

Hence, r ~ R if and only if cr : f) r — > is an isomorphism of Lie algebras. Thus we 
obtain that ~ is an equivalence relation on T>A4(t), q | (>, <)) and the map 

nA 2 (t), g | (>,<)) -».F(0,S), r^t) r 

where r is the equivalence class of r via the relation ~, is well defined and a bijection 
between sets. □ 

5. Outlooks and open problems 

In this paper we solve the problem of classifying all complements of a subobject A of E for 
the category of Lie algebras and Hopf algebras. The common tool used is the bicrossed 
product introduced by Takeuchi for groups and generalized by Majid for Hopf algebras 
and Lie algebras. These cases were also the source of inspiration for the introduction of 
the bicrossed product for other fields of mathematics like: algebras, C*-algebras or von 
Neumann algebras, coalgebras, Lie groups, locally compact groups or locally compact 
quantum groups, groupoids or quantum grupoids, multiplier Hopf algebras, etc. Thus, 
all the results proven in this paper can serve as a model for obtaining similar answers 
for the (CCP) problem in all the fields mentioned above. Another direction for further 
study is given by the following two open questions: 

Question 1: Let a : H (&H H k be a normalized Sweedler cocycle and H a be Doi's 
[8] deformation of the Hopf algebra H . Does there exist a Hopf algebra A, a matched 
pair of Hopf algebras {A, H, <, >) and a deformation map r : H —¥ A such that H a = H r , 
where H r is the r -deformation of H in the sense of Theorem 2.6? 

Having in mind Theorem 2.5 it is natural to ask: 

Question 2: Does there exist an example of an extension of finite dimensional Hopf 
algebras A C E having an infinite factorization index [E : A]* ? 
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